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BLOWUP OF SOLUTIONS TO THE THERMAL BOUNDARY LAYER PROBLEM IN
TWO-DIMENSIONAL INCOMPRESSIBLE HEAT CONDUCTING FLOW
Y.-G. WANG AND S.-Y. ZHU
Abstract. In this paper, we study the formation of finite time singularities for the solution of the boundary
layer equations in the two-dimensional incompressible heat conducting flow. We obtain that the first spacial
derivative of the solution blows up in a finite time for the thermal boundary layer problem, for a kind of
data which are analytic in the tangential variable but do not satisfy the Oleinik monotonicity condition, by
constructing a Lyapunov functional. Moreover, it is observed that the buoyancy coming from the temperature
difference in the flow may destabilize the thermal boundary layer.
1. Introduction
This paper is devoted to the study of blowup of solutions to the boundary layer equations in the two-
dimensional incompressible heat conducting flow. Consider the following problem in {t > 0, (x, y) ∈ R×R+},
(1.1)


∂xu+ ∂yv = 0,
∂tu+ u∂xu+ v∂yu = ∂
2
yu− ∂xP − (θ − θ∞),
∂tθ + u∂xθ + v∂yθ = ∂
2
yθ + (∂yu)
2,
u|y=0 = v|y=0 = 0, θ|y=0 = θ¯, lim
y→+∞
(u, θ) = (UE , θE),
u|t=0 = u0, θ|t=0 = θ0,
where (u, v) is the velocity field, θ is the temperature, UE(t, x), θE(t, x) and P (t, x) are the traces at the
boundary of the tangential velocity, temperature and pressure of the outer Euler flow respectively, θ∞ is the
reference temperature, which is assumed to be a positive constant. The states UE , θE and P are interrelated
through
∂tU
E + UE∂xU
E = −∂xP −
(
θE − θ∞
)
,(1.2)
and
∂tθ
E + UE∂xθ
E = 0.(1.3)
The boundary layer problem (1.1) describes the behavior of the thermal layer and viscous layer, in the
small viscosity and heat conductivity limit for the following two-dimensional incompressible heat conducting
2000 Mathematics Subject Classification. 35Q30, 76N20.
Key words and phrases. Thermal boundary layer problem, blowup of solutions.
1
2 Y.-G. WANG AND S.-Y. ZHU
Navier-Stokes system including the buoyancy force with non-slip boundary condition,
(1.4)


∂xu+ ∂Y v = 0, t > 0, (x, Y ) ∈ R× R+,
∂tu+ u∂xu+ v∂Y u+
1
ρ
∂xp+ νgx(θ − θ∞) = ǫ 1ρ
(
∂2xu+ ∂
2
Y u
)
,
∂tv + u∂xv + v∂Y v +
1
ρ
∂Y p+ νgY (θ − θ∞) = ǫ 1ρ
(
∂2xv + ∂
2
Y v
)
,
ρc (∂tθ + u∂xθ + v∂Y θ) = κ
(
∂2xθ + ∂
2
Y θ
)
+ ǫΦ(t, x, Y ),
u|Y=0 = v|Y=0 = 0, θ|Y=0 = θ¯,
u|t=0 = uin, θ|t=0 = θin
where ρ stands for density, p is the pressure, c is specific heat capacity, ǫ is the viscosity, κ is the heat
conductivity, the dissipation function Φ(t, x, Y ) is given by
Φ(t, x, Y ) = 2
[
(∂xu)
2 + (∂Y v)
2
]
+ (∂Y u+ ∂xv)
2
.
and (νgx(θ − θ∞), νgY (θ − θ∞)) comes from the buoyancy force, with ν being the coefficient of thermal
expansion at temperature θ∞, and g = (gx, gY ) the vector of gravitational acceleration. One can consult [17]
for the physical background of this model. For simplicity of presentation, we assume that ρ = c = ν = 1 in
(1.4). In the case that the heat conductivity κ is the same order as the viscosity ǫ, e.g. κ = ǫ, the thermal
layer has the same thickness,
√
ǫ, as the Prandtl viscous layer ( [14] ). In this case, as gx = 1 in (1.4) one
can deduce the problem (1.1) for the boundary layer profiles by using multi-scale analysis with y = Y√
ǫ
. The
derivation of (1.1) from (1.4) can be found in [19].
In the study of small viscosity limit for viscous flow in a domain with non-slip boundary condition, in 1904
Prandtl [14] introduced the boundary layer theory, and derived that the boundary layer profiles satisfy a
degenerate parabolic equation for the tangential velocity coupled with the divergence-free constraint, which
is called the Prandtl equations. Since then, there have been many interesting results on the well-posedness of
the Prandtl equations. The first local-in-time well-posedness result of the 2-D Prandtl equations was obtained
by Oleinik and her collaborators ( [12, 13]), by using the Crocco transformation under the assumption that
the tangential velocity is strictly increasing with respect to the normal variable of the boundary. Recently,
similar results were also obtained in the Sobolev spaces in [1] and [11] by using the energy method. In
addition to the monotonic class, there are some well-posedness results in either analytic spaces or Gevrey
spaces, cf. [2,5,8,9,15,16,21] and references therein. On the other hand, without the monotonicity condition
there are also some interesting results on instability and blowup of solutions to the Prandtl equations. When
the initial tangential velocity has a nondegenerate critical point, certain ill-posedness results were obtained
in [4, 6, 10] for the 2-D Prandtl equations in the Sobolev framework. For non-monotonic initial data, E and
Engquist ( [3]) showed that smooth solutions to the 2-D Prandtl equations shall blowup in a finite time.
Moreover, for a kind of special outer flow and non-monotonic initial data, Kukavica, Vicol and Wang ( [7])
showed that the analytic solution to the 2-D Prandtl equations blows up in a finite time as well.
As many models in application have heat conduction, it is important to study the small viscosity and
heat conductivity limit in viscous flow with heat conduction. In [20], the authors obtained a local-in-time
well-posedness result in analytic class for the problem (1.1) by using the Littlewood-Paley theory. In this
paper, motivated by [3, 7], for a kind of data which are analytic in the tangential variable but do not satisfy
the Oleinik monotonicity condition, we shall show that the analytic solution of (1.1) blows up in a finite time
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in the Sobolev space. Moreover, the blowup result shows that the buoyancy coming from the temperature
difference in the flow may destabilize the thermal boundary layer.
The remainder of this paper is arranged as follows. In Section 2, we present some assumptions on underlying
Euler flow, initial and boundary datum, then state the main result of this paper. In Section 3, we construct
a Lyapunov functional. The blowup of the Lyapunov functional will be proved in Section 4.
2. Statement of the main result
Assume that the outer Euler flow for the problem (1.1) satisfies the following conditions for all 0 ≤ t ≤ T ,
(2.1) UE|x=0 = 0, ∂xθE |x=0 ≥ 0,
which implies
(2.2) (θE + ∂xP )|x=0 = θ∞, ∂t∂xP |x=0 = 0,
by using (1.2) and (1.3). Moreover, assume that the initial data and boundary data given in (1.1) satisfy
(2.3)


u0|x=0 = 0, ∂xu0|x=0 ≤ 0, ∂xθ0|x=0 ≥ 0,
(θ¯ + ∂xP )|x=0 = θ∞, ∂xθ¯|x=0 ≥ 0,
which implies
(2.4) (θ0 + ∂xP (0, x))|x=0 = θ∞
from the second equation given in (1.1) for the smooth solution.
The main result of this paper is
Theorem 2.1. Assume that the outer Euler state, the initial and boundary data of the problem (1.1) satisfy
the assumption given in Theorem 2.1 in [20], such that the problem (1.1) has a unique local solution (u, v, θ)
analytic in the x−variable, and the initial data (u0, θ0) belongs to the space H2(R+) with respect to the
y−variable and satisfies the compatibility conditions of (1.1) up to order one. Then, under the conditions
(2.1)-(2.4), for the solution (u, v, θ) of the problem (1.1), ∂xu blows up in a finite time when the initial data
(u0, θ0) is properly large.
Remark 2.1. Comparing with the blowup results obtained in [3] and [7] for the classical Prandtl equations,
we note that for the thermal boundary layer problem (1.1), even when the pressure is favourable in the Prandtl
sense ( [13, 14, 18]) which avoids the separation of the classical Prandtl layer, the thermal boundary layer
profiles described by (1.1) may blow up in a finite time, which shows that the buoyancy in (1.1) may destabilize
the thermal boundary layer.
We shall develop an idea similar to that given in [7] to prove Theorem 2.1, by a contradiction argument.
Assume that the problem (1.1) admits a solution (u, v, θ) on [0, T ], and there exists a constant CT depending
only on T , such that
(2.5) ‖∂xu(t, 0, y)‖L∞([0,T ]×R+) + ‖∂yu(t, 0, y)‖L∞([0,T ]×R+) + ‖∂xθ(t, 0, y)‖L∞([0,T ]×R+) ≤ CT .
We shall construct a proper Lyapunov functional, and derive through a series estimates that this Lyapunov
functional satisfies a differential inequality, from which one can obtain that ‖∂xu‖L∞([0,t]×R2
+
) blows up within
the time interval (0, T ) by choosing initial data properly large.
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In the following calculation, we shall use the notation C to denote a generic positive constant independent
of T , the initial boundary data and the underlying Euler flow, which may change from line to line.
3. Construction of a Lyapunov functional
Motivated by [7], in this section we construct a Lyapunov functional. The process of the construction
can be divided into two steps. In the first step, we restrict the problem (1.1) on the y−axis by using the
assumptions (2.1)-(2.4), and transform the original problem into a one-space variable problem. In the second
step, we construct a Lyapunov functional with a suitable weight function.
3.1. Restriction of the thermal boundary layer problem on the y−axis. Denote by θ˜(t, x, y) =
θ(t, x, y)− θ∞ + ∂xP (t, 0), and
w(t, y) = u(t, 0, y), s(t, y) = θ˜(t, 0, y).
With the assumptions given (2.1)-(2.4), by restricting the thermal boundary layer problem (1.1) on the
y−axis, we deduce that (w(t, y), s(t, y)) satisfies the following problem in {t > 0, y ∈ R+},
(3.1)


∂tw + w∂xu(t, 0, y) + v(t, 0, y)∂yw = ∂
2
yw − s,
∂ts+ w∂xθ(t, 0, y) + v(t, 0, y)∂ys = ∂
2
ys+ (∂yw)
2,
w|y=0 = 0, s|y=0 = 0, lim
y→+∞
(w, s) = (0, 0)
w|t=0 = 0, s|t=0 = 0.
For the problem (3.1), one can prove that
Proposition 3.1. Under the assumptions (2.1)-(2.5), the problem (3.1) admits a unique trivial solution
w(t, y) = s(t, y) = 0 on [0,T].
Proof. This proposition can be proved by using the energy method. Multiplying the first and second equations
given in (3.1) by w(t, y) and s(t, y) respectively, and integrating the resulting equations over R+ with respect
to y, it follows that
(3.2)
1
2
d
dt
( ‖w(t)‖2
L2(R+) + ‖s(t)‖2L2(R+)) =
∫∞
0 w∂
2
ywdy −
∫∞
0 swdy +
∫∞
0 s∂
2
ysdy +
∫∞
0 s(∂yw)
2dy
− ∫∞0 ∂xu(t, 0, y)w2dy − ∫∞0 v(t, 0, y)w∂ywdy − ∫∞0 ∂xθ(t, 0, y)swdy − ∫∞0 v(t, 0, y)s∂ysdy
≤ (1 + ‖∂xθ(t, 0, y)‖L∞([0,T ]×R+))(‖w(t)‖2L2(R+) + ‖s(t)‖2L2(R+))−
∫∞
0
((∂yw)
2 + (∂ys)
2)dy
+‖∂xu(t, 0, y)‖L∞([0,T ]×R+)(32‖w(t)‖2L2(R+) + 12‖s(t)‖2L2(R+)) +
∫∞
0
s(∂yw)
2dy.
by using integration by parts, the boundary conditions given in (3.1) and the divergence-free constraint given
in (1.1).
On the other hand, we have∫ ∞
0
s(∂yw)
2dy ≤‖∂yu(t, 0, y)‖L∞([0,T ]×R+)
∫ ∞
0
|s∂yw|dy
≤
∫ ∞
0
(∂yw)
2dy + ‖∂yu(t, 0, y)‖2L∞([0,T ]×R+)‖s(t)‖2L2(R+).
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Thus, from (3.2) we get that there is a constant C > 0 such that
(3.3)
1
2
d
dt
(‖w(t)‖2L2(R+) + ‖s(t)‖2L2(R+)) ≤ C
(
CT + C
2
T + 1
) (‖w‖2L2(R+) + ‖s‖2L2(R+)) ,
for the constant CT given in (2.5).
By using the Gronwall inequality in (3.3), it follows immediately,
‖w(t)‖2L2(R+) + ‖s(t)‖2L2(R+) = 0,
for any t ∈ [0, T ]. 
From Proposition 3.1, we know that u(t, x, y) and θ˜(t, x, y) vanish at x = 0, so we can write them in the
following form
(3.4) u(t, x, y) = −xw¯(t, x, y), θ˜(t, x, y) = −xs¯(t, x, y).
Moreover, from the assumption UE |x=0 = 0, one has
(3.5) UE(t, x) = −xU¯E(t, x).
Substituting (3.4) and (3.5) into (1.1)2 and (1.1)3, we get
(3.6)

−x∂tw¯ + xw¯(w¯ + x∂xw¯)− v(x∂yw¯) = −x∂
2
yw¯ + xP¯ (t, x) + xs¯,
−x∂ts¯+ xw¯(s¯+ x∂xs¯)− v(x∂y s¯) = −x∂2y s¯+ (x∂yw¯)2,
with
P¯ (t, x) = −∂xP (t, x) − ∂xP (t, 0)
x
.
Let w˜(t, y) = w¯(t, 0, y) and s˜(t, y) = s¯(t, 0, y). Since {u, v, θ} is a solution of (1.1) which is analytic with
respect to x, from (3.6) and (1.1) we deduce that (w˜, s˜) satisfies the following problem
(3.7)


∂tw˜ − w˜2 + v(t, 0, y)∂yw˜ = ∂2yw˜ − P¯ (t, 0)− s˜,
∂ts˜− w˜s˜+ v(t, 0, y)∂y s˜ = ∂2y s˜,
w˜|y=0 = 0, s˜|y=0 = −∂xθ¯(t, 0), lim
y→+∞
(w˜, s˜) = (U¯E(t, 0),−∂xθE(t, 0)),
w˜|t=0 = w˜0, s˜|t=0 = s˜0.
To get the conclusion of Theorem 2.1, it is sufficient to prove,
Theorem 3.1. Under the assumption (2.5), the smooth solution to the problem (3.7) blows up within the
time interval (0, T ) for a large class of initial data (w˜0, s˜0).
3.2. A lift to the target function. As the solution w˜ of (3.7) may be negative, in order to construct a
Lyapunov functional, as in [7], we add a lift function to w˜ by using the solution of the initial-boundary value
problem of a nonhomogenous heat equation.
Let
(3.8) CE = − inf
t∈[0,T ]
min{U¯E(t, 0), 0}, CP = sup
t∈[0,T ]
max{P¯ (t, 0), 0}.
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Consider the following problem in {t > 0, y > 0},
(3.9)


∂tφ− ∂2yφ = CP
φ|y=0 = 0, lim
y→+∞
φ = CE + CP t,
φ|t=0 = CEErf
(
y
2
)
where Erf(z) = 2√
π
∫ z
0
e−s
2
ds. It is easy to know that the solution of (3.9) is given as
φ(t, y) = CEErf
(
y√
4(t+ 1)
)
+ CP t
[
y2
2t
(
Erf
(
y√
4t
)
− 1
)
+ Erf
(
y√
4t
)
+
y√
πt
e−
y2
4t
]
.(3.10)
As shown in [7], we have
Lemma 3.1. Let φ be the solution to the problem (3.9). Then, for all (t, y) ∈ R+×R+, we have: (i) ∂yφ ≥ 0,
(ii) φ ≥ 0, (iii) φ ≤ CE + CP t, (iv) ∂2yφ ≤ 0.
Proof. (i) From (3.9) and (3.10), it is easy to know that
∂yφ|y=0 > 0, ∂yφ|t=0 ≥ 0, lim
y→+∞
∂yφ = 0,
and ∂yφ satisfies the heat equation, so by using the minimum principle we deduce ∂yφ ≥ 0 for all t ≥ 0, y ≥ 0.
(ii) This is a direct corollary of (i) and φ|y=0 = 0.
(iii) Since φ|y=0 = 0, φ|y→∞ = CE + CP t, by using (i) we know
φ(t, y) ≤ CE + CP t, ∀(t, y) ∈ R+ × R+.
(iv) From the problem (3.9) we know that
∂2yφ|y=0 = −CP ≤ 0, ∂2yφ|t=0 ≤ 0, lim
y→+∞
∂2yφ = 0.
Since ∂2yφ is a solution of the heat equation, by using the maximum principle, we deduce that ∂
2
yφ ≤ 0. 
Now let a(t, y) = w˜(t, y) + φ(t, y). Using (1.1)1, we have
(3.11) v(t, x, y) =
∫ y
0
(w¯(t, x, z) + x∂xw¯(t, x, z))dz = ∂
−1
y (w¯(t, x, y) + x∂xw¯(t, x, y)).
From (3.7), we know that a(t, y) satisfies the following problem,
(3.12)


∂ta− ∂2ya = a2 − ∂−1y a∂ya+ L[a] +G,
a|y=0 = 0, lim
y→∞
a = CP t+ CE + U¯
E(t, 0),
a|t=0 = a0,
where
(3.13) L[a] = −2aφ+ ∂−1y φ∂ya+ ∂−1y a∂yφ, G = φ2 − ∂−1y φ∂yφ+ CP − P¯ (t, 0)− s˜.
and
a0 = w˜0 + CEErf
(y
2
)
.
We will show that a(t, y) is non-negative. To this end, we first have the following result.
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Lemma 3.2. Under the condition (2.4), if (w˜, s˜) is a solution to the problem (3.7), then s˜(t, y) ≤ 0 on
[0, T ]× R+.
Proof. This fact can be proved by the classical maximum principle. Let ζ(t, y) = s˜(t, y)e−CT t. From the
second equation of (3.7) we know that ζ(t, y) satisfies
∂tζ + (CT − w˜)ζ + v(t, 0, y)∂yζ = ∂2yζ.
Using the maximum principle in the above equation, with (2.1)-(2.5) we know that ζ(t, y) ≤ 0, which gives
s˜(t, y) ≤ 0. 
Now, we can prove the following result on the non-negative property of a(t, y).
Lemma 3.3. Assume that a(t, y) is a classical solution to the problem (3.12) on [0, T ]. If a0(y) > 0 for all
y > 0, then we have a(t, y) ≥ 0 on [0, T ]× [0,∞).
Proof. We argue by contradiction. Assume that a(t, y) reaches a negative value in [0, T ] × (0,∞), since
a0(y) > 0 for all y ∈ (0,∞), there must exist a first time t0 and an interior point y0 > 0, such that
(3.14) a(t0, y0) = 0, ∂ta(t0, y0) ≤ 0, ∂ya(t0, y0) = 0, ∂2ya(t0, y0) ≥ 0,
and a(t0, y) ≥ 0 for all y > 0. Thus we have
(3.15)

(∂
2
ya+ a
2 − ∂−1y a∂ya)(t0, y0) ≥ 0,
L[a](t0, y0) = (∂
−1
y a∂yφ)(t0, y0) ≥ 0.
On the other hand, from the definition of G given in (3.13), we know that
G(t, y) ≥φ2(t, y)− ∂−1y φ(t, y)∂yφ(t, y) = ∂−1y (φ∂yφ− ∂−1y φ∂2yφ)(t, y)(3.16)
≥∂−1y (φ∂yφ)(t, y) =
1
2
φ2(t, y),
by using Lemma 3.1, thus we get G(t0, y0) > 0. By using (3.15) and (3.16) in the first equation given in
(3.12), it follows that ∂ta(t0, y0) > 0, which is a contradiction to the assumption ∂ta(t0, y0) ≤ 0 given in
(3.14). 
3.3. Construction of a Lyapunov functional. Now we construct a Lyapunov functional for the solution
a(t, y) of the problem (3.12). Consider a function Y(y) satisfying

Y ≥ 0, Y ∈ W 2,∞(R+), Y ∈ L1(R+),
Y|y=0 = Y|y=∞ = 0, Y ′|y=β = Y ′|y=∞ = 0,
Y ′′ ≤ 0, ∀y ∈ (α, γ),
Y ′′ ≥ 0, ∀y ∈ [0, α] ∪ [γ,∞),
1
2Y ′(0) + Y ′(δ) + 2Y ′(γ) ≥ 0,
infy∈[α,δ] Y(y)(δ − α)−1 + Y ′(δ) + 2Y ′(γ) ≥ 0,
yY ′ ≤ µY, ∀y ∈ (0, β),
Y ′′ ≥ −λY, ∀y ∈ (α, γ),
Y′2
YY′′ ≤ σ < 1, ∀y ∈ [δ,∞),
(3.17)
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for fixed 0 < α < β < γ < δ <∞, and µ, λ, σ > 0.
With such a weight function, we define a Lyapunov functional
G(t) =
∫ ∞
0
a(t, y)Y(y)dy,(3.18)
for the solution a(t, y) of the problem (3.12).
Remark 3.1. It is not difficult to construct a function satisfying (3.17). For example, one can take
Y(y) =


6
5Ay, y ∈ [0, 12 ),
− 8A5 y3 + 12A5 y2 + A5 , y ∈ [ 12 , 1),
By3 +Dy2 + Ey + F, y ∈ [1, 2),
Mn
(y+M−2)n , y ∈ [2,∞),
where n and M are positive constants and
A = 1 +
2n
3M
+
n(n+ 1)
6M2
, B =
n
3M
+
n(n+ 1)
3M2
,
D = −2n
M
− 3n(n+ 1)
2M2
, E =
3n
M
+
2n(n+ 1)
M2
,
F = 1− 2n
3M
− 2n(n+ 1)
3M2
.
In this case, α = 12 , β = 1, γ =
4nM+3n(n+1)
2nM+2n(n+1) , δ = 2 and σ =
n
n+1 . One can choose a constant n > 1 and
then M large enough to ensure that (3.17) holds, and µ and σ can be obtained by calculation.
4. Blowup of the Lyapunov functional
In this section, we will prove that the Lyapunov functional G(t) defined in (3.18) blows up within the
time interval (0, T ) provided that the initial data is suitable large. Then from the definition of G(t) one can
deduce that there exists 0 < t∗ < T , such that a(t, y) blows up at t∗, which directly concludes the blowup
result claimed in Theorem 2.1.
For this, we have
Proposition 4.1. For the functional G(t) defined in (3.18), there is 1 < η < 2 such that
(4.1) G′(t) ≥ 2(1− η−1)C−1Y (G(t))2 − [λ+ (3 + µ)(CE + CP t)]G(t)
where CY = ‖Y‖L1(R+), the constants CE , CP are given in (3.8), and parameters λ, µ are given in (3.17).
If this proposition is true, then we have
G(t) ≥
(
1
G(0) −
2− 2η−1
CY
∫ t
0
Ψ(s)ds
)−1
Ψ(t),
where
Ψ(t) = e−[λt+(3+µ)CEt+
3+µ
2
CP t
2].
Therefore, if the initial data G(0) is large enough, e.g.
G(0) ≥ CY
2− 2η−1
(∫ T
2
0
e−[λt+(3+µ)CE(T )t+
3+µ
2
CP (T )t
2]dt
)−1
,
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then G(t) blows up within (0, T ). Thus, the blowup result claimed in Theorem 2.1 follows.
Proof of Proposition 4.1: By using the first equation given in (3.12), and the non-negative property of
G obtained in (3.16), we have
d
dt
G =
∫ ∞
0
∂2yaYdy +
∫ ∞
0
(
a2 − (∂−1y a)∂ya
)Ydy + ∫ ∞
0
L[a]Ydy +
∫ ∞
0
GYdy(4.2)
≥
∫ ∞
0
∂2yaYdy +
∫ ∞
0
(
a2 − (∂−1y a)∂ya
)Ydy + ∫ ∞
0
L[a]Ydy
=
∫ ∞
0
∂2yaYdy +
1
2
∫ ∞
0
∂2y [(∂
−1
y a)
2]Ydy − 2
∫ ∞
0
(∂−1y a)∂yaYdy +
∫ ∞
0
L[a]Ydy,
by noting
∂2y((∂
−1
y a)
2) = 2(a2 + (∂−1y a)(∂ya)).
By integration by parts and using (3.17), we obtain
−2
∫ ∞
0
∂−1y a∂yaYdy =2
∫ ∞
0
a2Ydy + 2
∫ ∞
0
(∂−1y a)aY ′dy(4.3)
=2
∫ ∞
0
a2Ydy − 1
2
∫ β
0
(∂−1y a)
2Y ′′dy +
∫ β
0
(∂−1y a)aY ′dy
+ 2
∫ ∞
β
(∂−1y a)aY ′dy.
Plugging (4.3) into (4.2), and by integration by parts it follows that
d
dt
G ≥
∫ ∞
0
aY ′′dy + 1
2
∫ ∞
β
[(∂−1y a)
2]Y ′′dy + 2
∫ ∞
0
a2Ydy +
∫ β
0
(∂−1y a)aY ′dy(4.4)
+ 2
∫ ∞
β
(∂−1y a)aY ′dy +
∫ ∞
0
L[a]Ydy
:=
6∑
i=1
Ri,
with obvious notions Ri(1 ≤ i ≤ 6). Now we study each Ri respectively.
i) By using (3.17), we can bound R1 as follows,
R1 ≥ −λ
∫ ∞
0
aYdy = −λG.(4.5)
ii) Decompose R2 into two parts,
R2 = 1
2
∫ δ
β
[(∂−1y a)
2]Y ′′dy + 1
2
∫ ∞
δ
[(∂−1y a)
2]Y ′′dy.
By using (3.17) and Y ′(δ) ≤ 0, we have
1
2
∫ δ
β
[(∂−1y a)
2]Y ′′dy ≥1
2
∫ γ
β
(
(∂−1y a)(t, γ)
)2 Y ′′dy + 1
2
∫ δ
γ
(
(∂−1y a)(t, γ)
)2 Y ′′dy
=
1
2
Y ′(δ) ((∂−1y a)(t, γ))2 ≥ Y ′(δ) ((∂−1y a)(t, α))2 + Y ′(δ)
(∫ γ
α
ady
)2
,
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which implies
R2 ≥ Y ′(δ)
(
(∂−1y a)(t, α)
)2
+ Y ′(δ)
(∫ γ
α
ady
)2
+
1
2
∫ ∞
δ
[(∂−1y a)
2]Y ′′dy.(4.6)
iii) Since by using the Ho¨lder inequality,
∫ δ
α
a2Ydy ≥ inf
y∈[α,δ]
Y(y)(δ − α)−1
(∫ δ
α
ady
)2
,
we get that
R3 ≥ 2
(∫ α
0
+
∫ ∞
δ
)
a2Ydy +
∫ δ
α
a2Ydy + inf
y∈[α,δ]
Y(y)(δ − α)−1
(∫ δ
α
ady
)2
.(4.7)
iv) By using the property of the weight function given in (3.17), it is easy to deduce that
R4 ≥ Y ′(0)
∫ α
0
a∂−1y ady ≥
1
2
Y ′(0) ((∂−1y a)(t, α))2 .(4.8)
v) Decompose R5 into two parts,
R5 = 2
∫ δ
β
(∂−1y a)aY ′dy + 2
∫ ∞
δ
(∂−1y a)aY ′dy := R15 +R25.
For R15, by using (3.17) we have
R15 ≥ 2Y ′(γ)
∫ δ
β
(∂−1y a)ady = Y ′(γ)
(
(∂−1y a)(t, δ)
)2 ≥ 2Y ′(γ)

((∂−1y a)(t, α))2 +
(∫ δ
α
ady
)2 ,(4.9)
by noting Y ′(γ) ≤ 0. For R25, by using the Young inequality it follows that for any fixed η > 0,
R25 ≥−
η
2
∫ ∞
δ
(
∂−1y a
)2 Y ′2
Y dy − 2η
−1
∫ ∞
δ
a2Ydy,
≥− ησ
2
∫ ∞
δ
(
∂−1y a
)2 Y ′′dy − 2η−1 ∫ ∞
δ
a2Ydy,(4.10)
by using (3.17).
Thus, from (4.9) and (4.10) we deduce that
R5 ≥ 2Y ′(γ)

((∂−1y a)(t, α))2 +
(∫ δ
α
ady
)2− ησ
2
∫ ∞
δ
(
∂−1y a
)2 Y ′′dy − 2η−1 ∫ ∞
δ
a2Ydy.(4.11)
vi) By integration by parts and using Lemmas 3.1 and 3.3, we obtain
R6 =− 2
∫ ∞
0
aφYdy +
∫ ∞
0
∂−1y φ∂yaYdy +
∫ ∞
0
∂−1y a∂yφYdy
=− 3
∫ ∞
0
aφYdy −
∫ ∞
0
∂−1y φaY ′dy +
∫ ∞
0
∂−1y a∂yφYdy
≥− 3
∫ ∞
0
aφYdy −
∫ β
0
∂−1y φaY ′dy,
by using Y ′(y) ≤ 0 for all β < y < +∞.
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Then, by using Lemma 3.1(iii), Y ′(y) ≥ 0 on [0, β] and (3.17) we deduce that
R6 ≥− 3(CE + CP t)
∫ ∞
0
aYdy − (CE + CP t)
∫ β
0
ayY ′dy(4.12)
≥− (3 + µ)(CE + CP t)G.
Combining (4.5)-(4.12) with (4.4) we obtain
d
dt
G ≥ − [λ+ (3 + µ)(CE + CP t)]G +
[
1
2
Y ′(0) + Y ′(δ) + 2Y ′(γ)
] (
∂−1y a(α)
)2
(4.13)
+
[
inf
y∈[α,δ]
Y(y)(δ − α)−1 + Y ′(δ) + 2Y ′(γ)
](∫ δ
α
ady
)2
+
1− ησ
2
∫ ∞
δ
[(∂−1y a)
2]Y ′′dy + 2
∫ α
0
a2Ydy +
∫ δ
α
a2Ydy
+ (2 − 2η−1)
∫ ∞
δ
a2Ydy.
Since σ < 1 given in (3.17), one can choose 1 < η < 2 such that ησ < 1, Thus, by using (3.17), from (4.13)
we get
d
dt
G ≥ − [λ+ (3 + µ)(CE + CP t)]G + (2− 2η−1)
∫ ∞
0
a2Ydy
≥− [λ+ (3 + µ)(CE + CP t)]G + (2− 2η−1)C−1Y G2,
where CY = ‖Y‖L1(R+).
Acknowledgments This research was partially supported by National Natural Science Foundation of China
(NNSFC) under Grant No. 11631008.
References
[1] R. Alexander, Y.-G. Wang, C.-J. Xu, T. Yang, Well posedness of the Prandtl equation in Sobolev spaces. J. Amer. Math.
Soc., 28(2015), 745-784.
[2] D. Chen, Y. Wang, Z. Zhang. Well-posedness of the linearized Prandtl equation around a non-monotonic shear flow. Ann.
Inst. H. Poincare´ Anal. Non Line´aire, 35(2018), 1119-1142.
[3] W. E, B. Engquist. Blowup of solutions of the unsteady Prandtl’s equation. Comm. Pure Appl. Math., 50(1997), 1287-1293.
[4] D. Ge´rard-Varet, E. Dormy, On the ill-posedness of the Prandtl equation. J. Amer. Math. Soc., 23(2010), 591-609.
[5] D. Ge´rard-Varet, N. Masmoudi, Well-posedness for the Prandtl system without analyticity or monotoncity. Ann. Sci. E´c.
Norm. Supe´r., 48(2015), 1273-1325.
[6] Y. Guo, T. Nguyen, A note on the Prandtl boundary layers, Comm. Pure Appl. Math., 64(2011), 1416-1438.
[7] I. Kukavica, V. Vicol, F. Wang. The van Dommelen and Shen singularity in the Prandtl equations. Adv. Math., 307(2017),
288-311.
[8] M.C. Lombardo, M. Cannone, M. Sammartino. Well-posedness of the boundary layer equations. SIAM J. Math. Anal., 35,
987-1004, 2003.
[9] W. Li, T. Yang. Well-posedness in Gevery space for the Prandtl system with non-degenerate critical points. arXiv:
1609.08430, to appear in J. Eur. Math. Soc..
[10] C.J. Liu, T. Yang. Ill-posedness of the Prandtl equations in Sobolev spaces around a shear flow with general decay, J. Math.
Pure Appl., 108(2017), 150-162.
[11] N. Masmoudi, T.-K. Wong, Local-in-time existence and uniqueness of solutions to the Prandtl equations by energy methods.
Comm. Pure Appl. Math., 68(2015), 1683-1741.
12 Y.-G. WANG AND S.-Y. ZHU
[12] O. A. Oleinik, The Prandtl system of equations in boundary layer theory, Soviet Math Dokl. 4(1963), 583-586.
[13] O. A. Oleinik, V. N. Samokhin, Mathematical Models in Boundary Layer Theory. Applied Mathematics and Mathematical
Computation, vol. 15, Chapman & Hall/CRC, Boca Raton, FL, 1999. MR1697762(2000c:76021)
[14] L. Prandtl. U¨ber Flu¨ssigkeitsbewegungen bei sehr kleiner Reibung. Verh. III Intern. Math. Kongr., Heidelberg, 485-491,
1904.
[15] M. Sammartino, R.-E. Caflisch, Zero viscosity limit for analytic solutions of the Navier- Stokes equations on a half-space,
I. Existence for Euler and Prandtl equations, Comm. Math. Phys., 192(1998), 433-461.
[16] M. Sammartino, R.-E. Caflisch, Zero viscosity limit for analytic solutions of the Navier- Stokes equations on a half-space,
II. Construction of the Navier-Stokes solution, Comm. Math. Phys., 192(1998), 463-491.
[17] H. Schlichting. Boundary Layer Theory, 7th Edition, McGraw-Hall, New York, 1987.
[18] Z. Xin, L.Zhang. On the global existence of solutions to the Prandtl’s system. Adv. Math., 181(2004), 88-133.
[19] Y. G. Wang, S. Y. Zhu, Mathematical analysis of boundary layers in two-dimensional incompressible viscous heat conducting
flows (in Chinese), Sci. Sin. Math., 49(2019), 267-280.
[20] Y.G. Wang, S.Y. Zhu, Well-posedness of the boundary layer equation in incompressible heat conducting flow with analytic
datum, Preprint.
[21] P. Zhang, Z. Zhang. Long time well-posedness of Prandtl system with small and analytic initial data. J. Funct. Anal.,
270(2016), 2591-2615.
Ya-Guang Wang
School of Mathematical Sciences, MOE-LSC and SHL-MAC, Shanghai Jiao Tong University, Shanghai 200240,
P. R. China
E-mail address: ygwang@sjtu.edu.cn
Shi-Yong Zhu
School of Mathematical Sciences, Shanghai Jiao Tong University, Shanghai 200240, P. R. China
E-mail address: shiyong zhu@sjtu.edu.cn
